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Abstract
We prove a weak form of the mean ergodic theorem for actions of amenable
locally compact quantum groups in the von Neumann algebra setting.
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1 Introduction
The following mean ergodic theorem is well-known: Let G be a locally com-
pact group with right Haar measure µ, and assume that it contains a Følner
net (Λλ), i.e. a net of Borel sets in G such that 0 < µ(Λλ) < ∞ and
limλ µ (Λλ∆(Λλg)) /µ (Λλ) = 0 for all g ∈ G. Furthermore, let Ug be a con-
traction on a Hilbert space H such that UgUh = Ugh for all g, h ∈ G, and
G ∋ g 7→ 〈Ugx, y〉 is Borel measurable for all x, y ∈ H . Take P to be the
projection of H onto V := {x ∈ H : Ugx = x for all g ∈ G}. Then
lim
λ
1
µ (Λλ)
∫
Λλ
Ugxdµ(g) = Px (1.1)
for all x ∈ H . A standard proof for the case G = Z can be found for example
in [4] and [9], but it can be extended to the more general case without much
effort.
In this paper we prove a version of this theorem for the action of an
amenable locally compact quantum group on a von Neumann algebra. We
use the von Neumann algebra setting for quantum groups, as developed by
Kusterman and Vaes [8] building on earlier work on Kac algebras (see for
example [3]).
In this setting a locally compact quantum group is defined to be a von
Neumann algebraM with a unital normal ∗-homomorphism ∆ :M →M⊗M
(where M ⊗ N denotes the von Neumann algebraic tensor product of two
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von Neumann algebras), such that (∆⊗ ιM) ◦∆ = (ιM ⊗∆) ◦∆ (where ιM
denotes the identity map onM), and on which there exists normal semi-finite
faithful (n.s.f.) weights ϕ and ψ such that ϕ ((θ ⊗ ιM ) ◦∆(a)) = ϕ(a)θ(1)
for all a ∈ M+ϕ and ψ ((ιM ⊗ θ) ◦∆(a)) = ψ(a)θ(1) for all a ∈ M
+
ψ , for
all θ ∈ M+
∗
, where M+
∗
is the positive normal linear functionals on M , and
M+ϕ = {a ∈M
+ : ϕ(a) <∞}. This quantum group is denoted as (M,∆).
We refer the reader to the papers [5, 6, 7] for background and motivation for
this definition. If furthermore there exists a net (ϕλ) of normal states on M
such that ‖θ ∗ ϕλ − ϕλ‖ converges to 0 for all θ ∈M∗ with θ(1) = 1, then we
call (M,∆) amenable; see for example [2]. Here µ ∗ ν := (µ⊗ ν) ◦∆ for any
µ, ν ∈M+
∗
.
An action of (M,∆) on another von Neumann algebra A is defined to
be a normal injective unital ∗-homomorphism α : A → M ⊗ A such that
(ιM ⊗ α) ◦ α = (∆⊗ ιA) ◦ α; see [12].
Given such an action, we will assume the presence of a normal state ω on
A which is invariant under the action, by which we mean that (θ⊗ω)◦α = ω
for all normal states θ onM . In Section 2 we show how to set up the analogue
of the integral in (1.1) for a quantum group action, and in Section 3 we state
and prove a mean ergodic theorem for such actions, however only in a weak
form analogous to
lim
λ
〈
x,
1
µ (Λλ)
∫
Λλ
Ugydµ(g)
〉
= 〈x, Py〉
for all x, y ∈ H . Our approach is to set the problem up in a suitable Hilbert
space framework, closely related to that of (1.1), and then to follow the basic
structure of (1.1)’s proof.
We will not need the full force of the theory of locally compact quan-
tum groups as developed in [7, 8], and therefore it will be convenient to
formulate our results in an abstract setting incorporating only the concepts
from locally compact quantum groups that we need, modelled on the defini-
tions discussed above. We will focus on this abstract setting, rather than on
concrete examples.
2 A suitable integration theory
In this section we develop the tools and notation that we need in order to
formulate and prove the mean ergodic theorem in the next section. Through-
out this section and the next we will use the following notation: R will be
an arbitrary von Neumann algebra, its unit denoted by 1R, and its normal
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states by (R+
∗
)
1
. By ω we will mean an arbitrary normal state on a von Neu-
mann algebra A. We will denote the GNS construction of (A, ω) by (H, γ),
by which we mean that H is a Hilbert space and γ : A→ H a linear mapping
such that 〈γ(a), γ(b)〉 = ω(a∗b) and with γ(A) dense in H .
We remind the reader that we will use the notation R ⊗ A to indicate
the von Neumann algebraic tensor product, often written as R⊗A in the
literature. The algebraic tensor product will be written as R ⊙ A. We
will constantly use tensor products of mappings on von Neumann algebras,
and a useful reference regarding this topic is [11]. For example, if θ is a
normal state on R while ιA is the identity map A → A, then we can define
θ ⊗ ιA : R ⊗ A → A as the tensor product of conditional expectations, in
which case θ⊗ ιA itself is a conditional expectation, which is also normal, i.e.
σ-weakly continuous; see [11, Section 9].
We are going to view R as a noncommutative measurable space, and
roughly speaking we will be integrating A valued “functions” over R.
Note that the integral in (1.1) is an integral of a bounded function
f : G → H which can be defined via the Riesz representation theorem
by
〈∫
Λ
fdµ, x
〉
=
∫
Λ
〈f(g), x〉 dµ(g). We now mimic this construction for A
valued “functions” on R, in other words for elements of R⊗ A.
Proposition 2.1. Let µ be a normal positive linear functional on R. Then
there is a unique function
µ˜ : R⊗ A→ H
such that
〈γ(d), µ˜(T )〉 = µ⊗ ω ([1R ⊗ d]
∗ T ) (2.1)
for all T ∈ R⊗ A and d ∈ A. Furthermore, µ˜ is linear, ‖µ˜‖ ≤ ‖µ‖ and
〈γ(d), µ˜(T )〉 = ω (d∗ (µ⊗ ιA) (T ))
for all T ∈ R ⊗A and d ∈ A.
Proof. For any T ∈ R⊗ A, define the linear functional
fT : γ(A)→ C : γ(d) 7→ µ⊗ ω ([1R ⊗ d]
∗ T )
which is indeed well defined, since if γ(d) = 0 we have µ⊗ω ([1R ⊗ d]
∗ T ) = 0
as follows: First consider any T =
∑n
j=1 rj ⊗ aj ∈ R⊙ A, then
|µ⊗ ω ([1R ⊗ d]
∗ T )| ≤
n∑
j=1
|µ (rj)| |ω (d
∗aj)|
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but |ω (d∗aj)| ≤
√
ω (d∗d)
√
ω
(
a∗jaj
)
= 0, since ω (d∗d) = ‖γ(d)‖2, there-
fore µ ⊗ ω ([1R ⊗ d]
∗ T ) = 0. For a general T ∈ R ⊗ A there is a net
Tλ ∈ R⊙ A converging σ-weakly to T , according to von Neumann’s density
theorem (see for example [1, Section 2.4.2]). Hence [1R ⊗ d]
∗ Tλ converges
σ-weakly to [1R ⊗ d]
∗ T , but µ ⊗ ω is σ-weakly continuous (i.e. normal), so
µ⊗ ω ([1R ⊗ d]
∗ T ) = 0.
Clearly fT is linear, and ‖fT‖ ≤ ‖µ‖ ‖T‖ since
|fT (γ(d))| ≤
√
µ⊗ ω ([1R ⊗ d]
∗ [1R ⊗ d])
√
µ⊗ ω (T ∗T )
≤
√
µ (1R)
√
ω(d∗d)
√
‖µ⊗ ω‖ ‖T ∗T‖
=
√
‖µ‖ ‖γ(d)‖
√
‖µ‖ ‖T‖
Therefore fT can be linearly extended uniquely to H without changing its
norm. By the Riesz represention theorem and since γ(A) is dense in H ,
there is a unique element µ˜(T ) in H such that fT (γ(d)) = 〈µ˜(T ), γ(d)〉 for all
d ∈ A. Furthermore ‖µ˜(T )‖ = ‖fT‖. Hence we obtain a unique function µ˜ :
R⊗A→ H such that (2.1) holds. Clearly µ˜ is linear and ‖µ˜(T )‖ ≤ ‖µ‖ ‖T‖.
Lastly, for r ∈ R and a ∈ A we have
µ⊗ ω ([1R ⊗ d]
∗ (r ⊗ a)) = ω(d∗ (µ⊗ ιA) (r ⊗ a))
hence µ ⊗ ω ([1R ⊗ d]
∗ T ) = ω(d∗ (µ⊗ ιA)T ) for all T ∈ R ⊙ A by linearity.
But again by σ-denseness, and by σ-weak continuity, this extends to all
T ∈ R⊗ A. 
We now take this a step further by finding an analogue of the linear
operator H → H : x 7→
∫
Λ
Ugxdµ(g) that appears in (1.1).
Proposition 2.2. Consider the situation in Proposition 2.1 and furthermore
assume that we have a ∗-homomorphism α : A → R ⊗ A which leaves ω
invariant in the following sense:
(µ⊗ ω) ◦ α = µ (1R)ω (2.2)
for the given µ. Then there exists a unique linear operator µ˜α : H → H such
that
µ˜α (γ(a)) = µ˜ ◦ α(a)
for all a ∈ A. Furthermore, ‖µ˜α‖ ≤ ‖µ‖, and if α is unital, then ‖µ˜α‖ =
‖µ‖.
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Proof. The operator µ˜α is well defined on γ(A) since µ˜ ◦ α(a) = 0 when
γ(a) = 0 as we now show: For any d ∈ A we have from Proposition 2.1 that
|〈γ(d), µ˜ ◦ α(a)〉|2 =
∣∣µ⊗ ω ([1R ⊗ d]2 α(a))∣∣2
≤ µ⊗ ω ([1R ⊗ d]
∗ [1R ⊗ d])µ⊗ ω (α(a
∗a))
= 0
by (2.2) and since ω(a∗a) = ‖γ(a)‖2 = 0. But γ(A) is dense in H , so
µ˜ ◦ α(a) = 0. Clearly µ˜α is linear, and as in the above calculation we have
for any a, d ∈ A that
|〈γ(d), µ˜α(γ(a))〉| ≤ µ (1R) ‖γ(d)‖ ‖γ(a)‖
so ‖µ˜α‖ ≤ µ (1R) = ‖µ‖. Hence µ˜
α has a unique bounded linear extension to
H , with the same norm. If α is unital, then by (2.1) we have
〈γ(d), µ˜α (γ (1A))〉 = 〈γ(d), µ˜ (1R ⊗ 1A)〉
= µ (1R)ω (d
∗1A)
= 〈γ(d), µ (1R) γ (1A)〉
so µ˜α (γ (1A)) = µ (1R) γ (1A) from which ‖µ˜
α‖ = ‖µ‖ follows. 
Lastly we will need the following important property in the proof of the
mean ergodic theorem. Note that by a normal ∗-homomorphism from one
von Neumann algebra to another, we mean a ∗-homomorphism that is σ-
weakly continuous.
Proposition 2.3. Consider the situation in Propositions 2.1 and 2.2. Fur-
thermore, let ν be another normal positive linear functional on R satisfying
(ν⊗ω)◦α = ν (1R)ω. Also assume that α is normal, and that ∆ : R→ R⊗R
is a normal ∗-homomorphism such that
(ιR ⊗ α) ◦ α = (∆⊗ ιA) ◦ α
Write
µ ∗ ν := (µ⊗ ν) ◦∆
then it follows that
µ˜ ∗ ν
α
= ν˜αµ˜α
Proof. For any r ∈ R and a ∈ A we have for all d ∈ A that
ω (d∗ [µ⊗ (ν ⊗ ιA)] ◦ (ιR ⊗ α) (r ⊗ a)) = ω (d
∗µ(r) (ν ⊗ ιA) ◦ α(a))
= 〈γ(d), ν˜ ◦ α(µ(r)a)〉
= 〈γ(d), ν˜α(µ˜(r ⊗ a))〉
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by Propositions 2.1 and 2.2, hence by linearity
ω (d∗ [µ⊗ (ν ⊗ ιA)] ◦ (ιR ⊗ α) (T )) = 〈(ν˜
α)∗ γ(d), µ˜(T )〉 (2.3)
for all T ∈ R ⊙ A. The left hand side of (2.3) is a σ-weakly continuous
linear functional of T ∈ R ⊗ A, since ιR ⊗ α is the tensor product of two σ-
weakly continuous ∗-homomorphisms, and (µ/ ‖µ‖)⊗ ((ν/ ‖ν‖)⊗ ιA) that of
two σ-weakly continuous conditional expectations (the case µ = 0 or ν = 0
being trivial). The right hand side of (2.3) is also a σ-weakly continuous
linear functional of T ∈ R ⊗ A. To see this, consider any net Tλ ∈ R ⊗ A
converging σ-weakly to T . For any c ∈ A one has
〈γ(c), µ˜ (Tλ)〉 = µ⊗ ω ([1R ⊗ c]
∗ Tλ)→ µ⊗ ω ([1R ⊗ c]
∗ T ) = 〈γ(c), µ˜ (T )〉
in the λ limit, since µ⊗ω is σ-weakly continuous. However, the σ-weak topol-
ogy is a weak* topology, hence by the resonance theorem (uniform bounded-
ness) the net (Tλ) is bounded in the norm of R ⊗ A. Since γ(A) is dense in
H , it therefore follows that 〈x, µ˜ (Tλ)〉 → 〈x, µ˜ (T )〉 for all x ∈ H , so indeed
(2.3)’s right hand side is σ-weakly continuous in T . But R ⊙ A is σ-weakly
dense in R ⊗ A, therefore (2.3) holds for all T ∈ R ⊗ A, in particular for
T = α(a), so
〈γ(d), ν˜αµ˜α(γ(a))〉 = ω (d∗ [µ⊗ (ν ⊗ ιA)] ◦ (ιR ⊗ α) ◦ α(a))
= ω (d∗ [(µ⊗ ν)⊗ ιA] ◦ (∆⊗ ιA) ◦ α(a))
= ω (d∗ {[(µ⊗ ν) ◦∆]⊗ ιA} ◦ α(a))
=
〈
γ(d), µ˜ ∗ ν
α
(γ(a))
〉
for any a ∈ A, by Propositions 2.1 and 2.2, and since ∆ is normal (which
ensures that [(µ⊗ ν)⊗ ιA] ◦ (∆⊗ ιA) = [(µ⊗ ν) ◦∆]⊗ ιA on R⊗A). Since
γ(A) is dense in H , we obtain ν˜αµ˜α = µ˜ ∗ ν
α
. 
3 The mean ergodic theorem
Continuing with Section 2’s notation, we can now formulate and prove a
mean ergodic theorem:
Theorem 3.1. Consider two normal ∗-homomorphisms ∆ : R → R ⊗ R
and α : A→ R⊗A such that (ιR ⊗ α)◦α = (∆⊗ ιA)◦α and (θ⊗ω)◦α = ω
for all θ ∈ (R+
∗
)
1
. Assume the existence of a net (ϕλ) in (R
+
∗
)
1
such that
‖θ ∗ ϕλ − ϕλ‖ → 0 for all θ ∈ (R
+
∗
)
1
. Let P the projection of H on V :={
x ∈ H : θ˜αx = x for all θ ∈ (R+
∗
)
1
}
. Then
lim
λ
〈x, ϕ˜αλy〉 = 〈x, Py〉
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for all x, y ∈ H.
Proof. Set
N = span
{
x− θ˜αx : x ∈ H, θ ∈
(
R+∗
)
1
}
and note that
∥∥∥θ˜α
∥∥∥ ≤ ‖θ‖ = 1, i.e. θ˜α is a contraction, then by a standard
argument N = V ⊥ (see for example [4, Section 1.1]). Keep in mind that
(R ⊗A)
∗
= R∗ ⊗∗ A∗ where by ⊗∗ we mean the tensor product of Banach
spaces with the completion taken in the dual norm of the spatial C*-norm on
R⊙A (see for example [10, Section 1.22]); this will be useful in the following
calculation. Note that this dual norm is a cross norm. For any a, d ∈ A and
θ ∈ (R+
∗
)
1
it follows from Proposition 2.3 that
∣∣∣〈γ(d), ϕ˜αλ
(
γ(a)− θ˜αγ(a)
)〉∣∣∣
=
∣∣∣〈γ(d), ϕ˜αλγ(a)− θ˜ ∗ ϕλαγ(a)
〉∣∣∣
= |ϕλ ⊗ ω ([1R ⊗ d]
∗ α(a))− (θ ∗ ϕλ)⊗ ω ([1R ⊗ d]
∗ α(a))|
= |(ϕλ − θ ∗ ϕλ)⊗ ω ([1R ⊗ d]
∗ α(a))|
≤ ‖ϕλ − θ ∗ ϕλ‖ ‖ω‖ ‖[1R ⊗ d]
∗ α(a)‖
→ 0
Furthermore
∥∥∥ϕ˜αλ − ϕ˜αλ θ˜α
∥∥∥ ≤ 2 by Proposition 2.2, so (ϕ˜αλ − ϕ˜αλ θ˜α
)
is a
bounded net, while γ(A) is dense in H , hence
〈
x, ϕ˜αλ
(
y − θ˜αy
)〉
→ 0
for all x, y ∈ H and θ ∈ (R+
∗
)
1
. Since ‖ϕ˜αλ‖ ≤ 1, we conclude from the
definition of N that
〈x, ϕ˜αλy〉 → 0
for all x ∈ H and all y ∈ N . So for any x, y ∈ H we obtain
〈x, ϕ˜αλy〉 = 〈x, ϕ˜
α
λPy〉+ 〈x, ϕ˜
α
λ(1− P )y〉
= 〈x, Py〉+ 〈x, ϕ˜αλ(1− P )y〉
→ 〈x, Py〉
by the definition of P and since (1− P )y ∈ V ⊥ = N . 
In particular this result holds in the situation presented in Section 1,
where R = M is an amenable locally compact quantum group. This is our
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main and final result, and we now conclude with a few brief remarks to give
some indication of the relation with classical ergodic theory.
Note that if α is unital in Theorem 3.1, then one has PΩ = Ω, where
Ω := γ(1A) is the (non-zero) cyclic vector of (A, ω)’s GNS construction, since〈
γ(d), θ˜αΩ
〉
=
〈
γ(d), θ˜(1R ⊗ 1A)
〉
= 〈γ(d),Ω〉
for all θ ∈ (R+
∗
)
1
. This is essentially the same situation as in classical ergodic
theory. Extending the classical case, it seems reasonable to say that the
dynamical system (A, ω, α) is ergodic when dimPH = 1, i.e. PH = CΩ.
Using Theorem 3.1, this is easily seen to be equivalent to
lim
λ
ϕλ ⊗ ω ([1R ⊗ a]α(b)) = ω(a)ω(b)
again paralleling the situation in classical ergodic theory.
Acknowledgment. I thank Johan Swart and Gusti van Zyl for useful con-
versations.
References
[1] O. Bratteli, D.W. Robinson, Operator Algebras and Quantum Statistical
Mechanics 1, second edition, Springer-Verlag, New York, 1987.
[2] P. Desmedt, J. Quaegebeur, S. Vaes, Amenability and the bicrossed prod-
uct construction, Illinois J. Math. 46 (2002), 1259–1277.
[3] M. Enock, J.-M. Schwartz, Kac algebras and duality of locally compact
groups, Springer-Verlag, Berlin, 1992.
[4] U. Krengel, Ergodic theorems, Walter de Gruyter & Co., Berlin, 1985.
[5] J. Kustermans, S. Vaes, A simple definition for locally compact quantum
groups, C. R. Acad. Sci. Paris Se´r. I Math. 328 (1999), 871–876.
[6] J. Kustermans, S. Vaes, The operator algebra approach to quantum
groups, Proc. Natl. Acad. Sci. USA 97 (2000), 547–552
[7] J. Kustermans, S. Vaes, Locally compact quantum groups, Ann. Sci.
E´cole Norm. Sup. (4) 33 (2000), 837–934.
[8] J. Kustermans, S. Vaes, Locally compact quantum groups in the von
Neumann algebraic setting, Math. Scand. 92 (2003), 68–92.
8
[9] K. Petersen, Ergodic theory, Cambridge University Press, Cambridge,
1983.
[10] S. Sakai, C*-algebras and W*-algebras, Reprint of the 1971 edition,
Classics in Mathematics, Springer-Verlag, Berlin, 1998.
[11] S¸. Stra˘tila˘, Modular theory in operator algebras, Translated from
the Romanian by the author, Editura Academiei Republicii Socialiste
Romaˆnia, Bucharest, Abacus Press, Tunbridge Wells, 1981.
[12] S. Vaes, The unitary implementation of a locally compact quantum
group action, J. Funct. Anal. 180 (2001), 426–480.
9
